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ABSTRACT. We construct an infinite tower of covering spaces over the configuration
space of n− 1 distinct non-zero points in the complex plane. This results in an action of
the braid group Bn on the set of n-adic integers Zn for all natural numbers n≥ 2. We study
some of the properties of these actions such as continuity and transitivity. The construc-
tion of the actions involves a new way of associating to any braid B an infinite sequence
of braids, whose braid types are invariants of B. We present computations for the cases
of n = 2 and n = 3 and use these to show that an infinite family of braids close to real
algebraic links, i.e., links of isolated singularities of real polynomials R4→ R2.
1. INTRODUCTION
Actions of a group on a set can offer insights both on properties of the group and sym-
metries of the set. In the case of the Artin braid group on n strands Bn there is an additional
motivation, since the elements of the group correspond to topological objects. One might
hope that a braid group action contains information not only about the group structure, but
also about the topological interpretation of its elements, say about the link type of their
closures for example. By Markov’s, Theorem elements of the braid group correspond to
braids that close to equivalent links if and only if they are related through a sequence of
isotopies, conjugation and (de)stabilisation moves. Actions that contain information that
does not change under conjugation and (de)stabilisation can therefore be used to construct
link invariants.
It should be noted that actions that are actually representations particularly lend them-
selves to this procedure as they offer several values that are invariant under conjugation,
such as the determinant or the trace of the matrices. This principle has been applied many
times, such as in the case of the interpretation of the Alexander polynomial as a normalised
determinant of the Burau representation [10] or the Jones polynomial as a normalised
Markov trace of a representation of the braid group into a Temperley-Lieb Algebra [17].
In this paper we are going to construct braid group actions on the n-adic integers Zn.
While these do have an interesting algebraic structure, as well as being a prominent object
of study in itself in number theory, we do not expect these actions to lead to representa-
tions of the braid group, since the actions do not respect the algebraic structure of Zn and
treat it as a set. However, they offer interesting connections between different aspects of
the study of braid groups, linking group theoretic properties with the topology of certain
configuration spaces and subsets of the space of complex polynomials.
Let n be a natural number with n≥ 2. Let Cn be the space of monic complex polynomials
f ∈ C[z] of degree n with n distinct roots, or equivalently, the configuration space of n
distinct unmarked points in the complex plane. Then pi1(Cn) = Bn, where Bn denotes the
braid group on n strands. This article is to a large part about the consequences of a result
by Beardon, Carne and Ng [2], namely about the subset Zn ⊂ Cn of polynomials f ∈ Zn
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that have n− 1 distinct non-zero critical values and a constant term equal to 0. Then the
set of possible sets of critical values of such a polynomial is
(1) Vn := {(v1,v2, . . . ,vn−1) ∈ (C\{0})n−1 : vi 6= v j if i 6= j}/Sn−1,
where Sn−1 is the symmetric group on n−1 elements.
Theorem 1.1. (Beardon-Carne-Ng [2]) The map θn : Zn → Vn that sends a polynomial
f ∈ Zn to the set of its critical values (v1,v2, . . . ,vn−1) is a covering map of degree nn−1.
We use this to prove the following result.
Theorem 1.2. There is a tower of covering spaces
(2) . . .→ Zi+1n → Zin→ . . .→ Z2n → Z1n = Zn→Vn ' Dn
p−→Cn,
where p is a covering map of degree n, all other arrows are covering maps of degree nn−1
and ' denotes homotopy equivalence.
The fiber over a point v ∈Vn is the set of nn−1-adic integers Znn−1 . Since pi1(Cn) = Bn,
we obtain a braid group action on the set Z/nZ×Znn−1 , which is homeomorphic to the
n-adic integers Zn, via monodromy. We write this action as ϕn(·,B) : Zn→ Zn, B ∈ Bn.
With very similar considerations we construct another action ψn of the braid group
on Znn ∼= Zn that shares some properties with φn, but makes computations significantly
simpler. The main properties of the constructed actions are summarised in the following
theorem.
Theorem 1.3. For both of the constructed actions φn and ψn the following are true.
i) They preserve the metrics on Z/nZ×Znn−1 and Znn , respectively. Therefore they yield
continuous braid group actions on Zn.
ii) They correspond to sequences of homomorphisms Bn → Sn×(nn−1) j and Bn → S(nn) j ,
respectively. For φn the resulting action on n× (nn−1) j points is transitive for all n
and j.
iii) The kernels N j and H j of the homomorphisms Bn → Sn×(nn−1) j and Bn → S(nn) j , re-
spectively, form descending series of normal subgroups of the braid group that do not
stabilise.
Regarding the last point we would like to point out that a proof of the faithfulness of
the actions would be desirable, which is equivalent to the intersections
⋂
j N j and
⋂
j H j,
respectively, being trivial.
The remainder of this paper is structured as follows. In Section 2 we provide the reader
with the necessary background on the connection between polynomial maps and braids as
well as the necessary definitions and basic results from the theory of n-adic integers. In
Section 3 we construct the actions φn and ψn and prove Theorem 1.2 and Theorem1.3 i).
The definition of ψn involves the construction of a sequence of braids
(3)
(B,{B1,0,B1,1, . . . ,B1,nn−1},{B2,0,B2,1, . . . ,B2,(nn)2−1}, . . . ,{B j,0,B j,1, . . . ,B j,(nn) j−1}, . . .),
which is an invariant of the braid B. We outline in Section 4 how sequences like this can be
used to improve invariants of braids or conjugacy classes, i.e., make the invariants better
at distinguishing different braids (or different conjugacy classes of braids). In Section 5
we compute the effect of ψn(·,σi) on the first coordinates of Znn for the generators σi of
the braid groups on two and three strands. The results can be used to compute the effect
of ψn(·,B) on any fixed number of coordinates for any braid B on two or three strands in
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a computational complexity that is only linear in the length of B. In Section 6 we prove
Theorem 1.3 ii) and take a brief look at the orbit of points under the repeated application
of θn and θ−1n for n = 2,3. Section 7 studies the sequences of the normal subgroups that
are given by the kernels of the in the statement of Theorem 1.3 ii) and we show that the
sequences of normal subgroups do not stabilise, which proves Theorem 1.3 iii). In Section
8 we employ the computations from Section 5 to show that an infinite family of braids close
to real algebraic links, i.e., links of isolated singularities of real polynomials R4→R2. We
obtain the following result.
Theorem 1.4. Let ε ∈ {±1} and let B =∏`j=1 wεi j be a 3-strand braid with
w1 = σ2, w2 = σ21 , w3 = (σ1σ2σ1)
2,
w4 = (σ2σ1σ−12 σ1σ2)
2, w5 = σ−12 σ1σ2σ2σ1,(4)
and such that there is a j such that i j = 3 or such that there is only one residue class
k mod 3 such that i j 6= k for all j = 1,2, . . . , `. Then the closure of B2 is real algebraic.
We show that this family contains links that have not been known to be real algebraic
previously.
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2. BACKGROUND
In this section we summarise the necessary background on n-adic integers, polynomials
and their relation to braids, as well as Beardon, Carne and Ng’s covering map from [2].
Proofs and more detailed descriptions can be found in [2], [5], [6] and [8], while the basics
of n-adic integers are available in countless number theory texts such as [11] or [22].
2.1. The n-adic integers. We only need the very basics of the theory of n-adic integers
Zn. They are defined as the inverse limit lim←−
j
Z/n jZ for j ≥ 1. Therefore it is the set of
infinite sequences
(5) a = (a1,a2,a3, . . .)
such that a j ∈ Z/n jZ and a j+1 = a j mod n j for all j ≥ 1.
We can put an n-adic valuation (and with it a metric and a topology) on Zn by defining
(6) ordn(a) = min{k ≥ 1 : a j = 0 for all j < k}.
The order of the 0-sequence ordn(0) is defined as∞. The n-adic value of a=(a1,a2,a3, . . .)
is
(7) |a|n = n−ordn(a).
This means an n-adic integer is considered small if its sequence starts with a lot of zeros.
Consequentially, two n-adic integers are considered close to each other if their sequences
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start with many identical terms. The topology that is induced by this metric is simply the
profinite topology.
If n =∏mi=1 p
ki
i with pi prime, pi 6= p j for all i 6= j and ki ≥ 1, then we have a homeo-
morphism
(8) Zn ∼= Z∏mi=1 pi ∼= Zp1 ×Zp2 × . . .×Zpm .
The set of the n-adic integers is also homeomorphic to the Cantor set Ω for all n. Since
the actions in Theorem 1.3 are actions on the set of n-adic integers and do not respect the
algebraic structure of that set, we could regard them as actions on Ω instead. In the light
of Theorem 1.3i) it will be more appropriate to regard them as actions on the metric spaces
Z/nZ×Znn−1 and Znn , respectively.
2.2. Polynomials, braids and the covering map. We discuss different ways in which a
loop in a space of polynomials can be interpreted as a braid.
Example: Let Cn be the space of monic complex polynomials in one variable of de-
gree n and with n distinct roots. Consider a parametrised family of polynomials ft ∈ Cn,
t ∈ [0,1]. Alternatively, this can be written as a map f :C× [0,1]→C, (z, t) 7→ ft(z), which
is a polynomial in z. This is a Weierstrass polynomial as discussed in the context of braids
in [12], [13] and [21]. Since ft has n = nt = deg ft distinct roots for every t ∈ [0,1], the
nodal set f−1(0) forms a braid on n strands in C× [0,1]. The underlying principle is the
fundamental theorem of algebra that allows us to identify a monic polynomial with distinct
roots with its (unordered) set of roots. The map that sends a polynomial in Cn to its roots
gives a homeomorphism Cn ∼= {(z1,z2, . . . ,zn) ∈ Cn : zi 6= z j if i 6= j}/Sn, where Sn is the
symmetric group on n elements. This means that the fundamental group of the space of
monic complex polynomials of a fixed degree n with distinct roots is Bn, with homotopies
of loops in Cn corresponding to braid isotopies. For a path in Cn given by ft , t ∈ [0,1], we
will frequently refer to the braid that is formed by the roots of ft , t ∈ [0,1] as the braid
corresponding to the path ft .
This is of course well-known, but what is less often considered is the possibility of re-
placing the concept of ‘roots’ in the above construction by other sets such as the critical
points or critical values of the polynomials.
Example: Instead of demanding that each ft has n distinct roots, we can require that ft
has n−1 distinct critical points c1,c2, . . . ,cn−1 with f ′t (ci) = ∂ ft∂ z (ci) = 0 for all i. Just like
above we get a homeomorphism between a space of polynomials (monic with fixed degree
n, distinct critical points and with constant term equal to 0) and the configuration space of
n−1 distinct complex numbers, which tells us that the fundamental group of that space of
polynomials is the braid group Bn−1. Restricting the space of polynomials to those with
a constant term equal to zero was necessary to get a map that is 1-to-1. We might argue
that this is not really different from the construction above. We merely used the fact that
every polynomial has a unique antiderivative once the integration constant is fixed (i.e., the
constant term is set equal to 0) and then employed the homeomorphism between Cn−1 and
the corresponding configuration space.
It is therefore easy to construct parametrised families of polynomials ft ∈C[z], t ∈ [0,1]
whose nodal sets or whose sets of critical points form a given braid. In the first case, we
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only have to find a parametrisation
(9)
s⋃
j=1
(z j(t), t)⊂ C× [0,1]
of the braid on s strands and define ft(z) =∏sj=1(z− z j(t)). Here the polynomial degree n
equals the number of strands s and the roots trace out the desired braid as t varies from 0
to 1.
In the latter case, we obtain ft via
(10) ft(z) =
∫ z
0
s
∏
j
(w− z j(t))dw.
Note that here each ft has degree n= s+1 and the critical points trace out the desired braid
as t varies from 0 to 1.
Example: Suppose now we are not interested in the topology of the nodal set or that of
the critical set of a family of polynomials, but instead in the topology of the set of critical
values, i.e., the values ft(ci) of the polynomials at their critical points ci. Similarly to
before, if we demand that the critical values (v1,v2, . . . ,vn−1) = ( f (c1), f (c2), . . . , f (cn−1))
of a monic polynomial (of degree n and with constant term equal to zero) are disjoint, the
map that sends such a polynomial to its set of critical values allows us to interpret loops in
the space of such polynomials as braids. However, this map is not a homeomorphism and
the problem of constructing polynomials for a given braid parametrisation becomes more
challenging.
Given a parametrisation
(11)
s⋃
j=1
(v j(t), t)⊂ C× [0,1]
of a braid B we want to construct a f (z, t) = ft(z) such that the critical values of ft form
the braid B, i.e., we want the existence of c1(t),c2(t), . . . ,cs(t) such that f (c j(t), t) = v j(t)
and f ′(c j(t), t) = 0 for all j = 1,2, . . . ,s and all t.
We find such a family of polynomials ft for a given braid parametrisation by solving a
system of polynomial equations for every t ∈ [0,1], which is not very practical. The prob-
lem becomes easier if we are content with a family of polynomials ft whose critical values
form a braid that is isotopic to B, rather than realising a specific parametrisation. There
is an extra degree of freedom that can be eliminated by setting the constant term of ft to
0 for all t. In this case, we can solve the system of polynomial equations for some fixed
values of t, say t = t1, t2, . . . , tm for some m∈N, to obtain polynomials fti . In contrast to the
earlier examples, these solutions are not unique. We return to the question of the number
of solutions later. Interpolating functions through the coefficients of the polynomials fti
then provide us with the coefficients of f (z, t) = ft(z) as functions of t. For a sufficiently
large number of data points, i.e., high values of m, the braid that is formed by the critical
values of f is isotopic to B.
This brings us to the question that started this project initially. Suppose the polynomials
ft whose critical values form the braid B all lie in Cn with n = s+1. Then the roots of ft
form a braid too, say A. What can be said about the relation between the braids A and B,
one formed by the roots of ft , the other by its critical values?
6 BENJAMIN BODE
Let
Zn := { f ∈ C[z] : f monic of degree n with distinct roots,
distinct critical values and constant term equal to 0}.(12)
Remark 2.1. Since the critical values are distinct, the critical points of any polynomial in
Zn are also distinct. The space Zn is therefore precisely the intersection of the three spaces
considered earlier, the space of polynomials with distinct roots, distinct critical points and
critical values respectively.
If ft ∈ Zn ⊂Cn, the fact that its roots are distinct implies that none of the critical values
v1(t),v2(t), . . . ,vn−1(t) is 0. The space of the possible sets of critical values is therefore
(13) Vn := {(v1,v2, . . . ,vn−1) ∈ (C\{0})n−1 : vi 6= v j if i 6= j}/Sn−1,
The fundamental group of Vn is the affine braid group Ba f fn−1, which is defined as follows.
Definition 2.2. The affine braid group Ba f fn−1 is presented by the generators x,σ2,σ3, . . . ,σn−1
and the relations
σ2xσ2x = xσ2xσ2,
σiσ j = σ jσi, if |i− j|> 1,
σiσi+1σ = σi+1σiσi+1, if i = 2,3, . . . ,n−2,
σix = xσ , if i> 2.(14)
This corresponds to the usual Artin braid group with the only difference that in any
braid word σ1 can appear only appear with even exponents, so that x = σ21 becomes one
of the generators. In other words the affine braid group consists of precisely those braid
words, where σ1 always comes with an even exponent. Geometrically, this means that the
braid can be parametrised such that the first strand does not move at all, i.e., can be taken
to be (0, t)⊂ C× [0,1]. We often refer to this strand as the 0-strand or the flagpole.
This description of pi1(Vn) as Ba f fn−1 with the above generators and relations assumes that
we have chosen a base point in Vn that is a n− 1-tuple of complex numbers, whose real
parts are all positive. If we consider different base points, loops correspond to conjugates
(in the braid group) of affine braids with the generators and relations above, but setting
x = σ21 . In general, any loop in Vn corresponds to a braid, whose permutation of the n
strands has (at least) one fixed point. Sometimes we will be somewhat inexact and call
such a braid affine as well. It should be clear from the context if we refer to a braid, whose
permutation fixes the first strand or the ith strand for some i = 2,3, . . . ,n, i.e., which of the
strands is the 0-strand.
The fact that loops in Vn are affine braids is a first hint that the braid word of B,
which is formed by the critical values, does not carry all relevant information about the
parametrisation (v1(t),v2(t), . . . ,vn−1(t)). The way in which the strands twist around the
flagpole (0, t) ⊂ C× [0,1] is important. We should focus on the braid that is formed by
(0,v1(t),v2(t), . . . ,vn−1(t)) instead of B itself.
The question that was raised above should therefore be changed to the following.
Question 2.3. Given a loop ft ⊂ Zn, t ∈ [0,1], f0 = f1, with roots (z1(t),z2(t), . . . ,zn(t))
and critical values (v1(t),v2(t) . . . ,vn−1(t)). What is the relation between the braid A that
is formed by the roots (z1(t),z2(t), . . . ,zn(t)) and the braid B′ that is formed by the 0-strand
and the critical values (0,v1(t),v2(t) . . . ,vn−1(t))?
REAL ALGEBRAIC LINKS IN S3 AND BRAID GROUP ACTIONS ON THE SET OF n-ADIC INTEGERS 7
Note that all polynomials in Zn have 0 as one of their roots, since their constant term is
by definition equal to 0. Therefore the braid A that is formed by the roots of a parametrised
family of polynomials ft in Zn contains one strand that does not move at all. In other words,
if f0 = f1, A is an affine braid.
Furthermore, since the critical values are distinct, so are the critical points of any poly-
nomial in Zn. They are also non-zero because the roots are distinct and one of the roots is 0.
Thus the union of critical points of a parametrised family of polynomials ft ∈ Zn, t ∈ [0,1]
and the 0-strand (0, t) ⊂ C× [0,1] form a braid too. We can therefore not only consider
relations between the braids formed by the roots and the critical values of such a family of
polynomials, but also their relation to the braid that is formed by the critical points and the
0-strand.
3. BRAID GROUP ACTIONS ON Zn
In this section we describe actions of the Artin braid group on the n-adic integers and
show that they are continuous. In fact, they are isometries on spaces that are homeomorphic
to the n-adic integers.
3.1. The proof of Theorem 1.2. By Theorem 1.1 Zn is a covering space of Vn of degree
nn−1. Therefore, the fundamental group of Vn, which is the affine braid group Ba f fn−1, acts
on the fibre consisting of nn−1 points. Furthermore, recall that the polynomials in Zn have
a constant term equal to 0 and therefore one of their roots is equal to 0. Hence Zn can be
embedded in Vn by sending a polynomial f ∈ Zn to its n−1 distinct non-zero roots.
Let Z1n := Zn and define Z
j+1
n to be the space of monic polynomials f ∈ Zn with (by
definition distinct) critical values (v1,v2, . . . ,vn−1) such that the polynomial z∏n−1i (z− vi)
is in Z jn. We obtain an infinite tower of covering spaces
(15) . . .→ Z j+1n → Z jn→ . . .→ Z2n → Z1n = Zn→Vn,
where each covering map is θn, the map that sends a polynomial to its set of critical values,
restricted to the relevant Z jn and composed with the map that sends a set of critical values
(v1,v2, . . . ,vn−1) to the polynomial z∏n−1i (z− vi). We often ignore the second map and
move freely between interpreting a point in Z jn as a (n−1)-tuple of complex numbers and
as the corresponding polynomial and simply write θn for the covering map. It follows that
Z jn is a covering space of Vn of degree (nn−1) j.
Suppose for example v = (v1,v2, . . . ,vn−1) ∈ Vn and let f j ∈ Zn, j = 1,2, . . . ,nn−1 be
the nn−1 preimages of v under the covering map, i.e., the polynomials that have the set
{v1,v2, . . . ,vn−1} as their set of critical values. Let {z j1,z j2, . . . ,z jn−1} denote the n−1 non-
zero roots of f j. Since (z
j
1,z
j
2, . . . ,z
j
n−1) ∈ Vn, there are exactly nn−1 polynomials in Zn
that have (z j1,z
j
2, . . . ,z
j
n−1) as their sets of critical values. In summary, for a given v =
(v1,v2, . . . ,vn−1) ∈ Vn there are (nn−1)2 polynomials gk in Zn that have the property that
their critical values (z1,z2, . . . ,zn−1) define a polynomial z∏n−1i (z− zi) that has 0 and the
critical values of gk as its roots and v as its set of critical values.
Let
(16) Dn = {(z1,z2 . . . ,zn) ∈ Cn : zi 6= z j if i 6= j}/Sn−1,
where the action by the symmetric group Sn−1 permutes the last n− 1 factors. The map
p : Dn→Cn that sends (z1,z2, . . . ,zn) to (z1,z2, . . . ,zn) is a covering map of degree n. This
and the following lemma was pointed to us by a referee.
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Lemma 3.1. The spaces Dn and Vn are homotopy equivalent.
Proof. Consider the maps g : Vn→ Dn and h : Dn→Vn given by
(17) g(z1,z2, . . . ,zn−1) = (0,z1, . . . ,zn−1)
and
(18) h(z1,z2, . . . ,zn) = (z2− z1,z3− z1, . . . ,zn− z1).
Then hg is the identity on Vn and hg' idDn via the homotopy
(19) Ht(z1,z2, . . . ,zn) = (tz1,z2− z1+ tz1,z3− z1+ tz1, . . . ,zn− z1+ tz1).

Therefore pi1(Dn) = pi1(Vn) = Ba f fn−1 and we extend the tower of covering spaces in Eq.
(15) as follows:
(20) . . .→ Z j+1n → Z jn→ . . .→ Z2n → Z1n = Zn→Vn ' Dn
p−→Cn.
Hence pi1(Cn) = Bn acts on the fibre in each Z jn and in Vn. We thus have an action of Bn
on the set of n× (nn−1) j points, or equivalently, on the set Z/nZ×Z/(nn−1) jZ for every
j ∈ Z≥1. Furthermore, the different actions are compatible with each other in the sense
that θn(x.γ) = θn(x).γ for all x in the fibre in Z jn and all γ ∈ Bn.
Let v ∈ Vn and consider the set X of infinite sequences (a1,a2,a3, . . .) with a j ∈ Z jn,
θn(a1) = v and θn(a j+1) = a j for all j ≥ 1. Since there are exactly (nn−1) j choices for the
jth term a j, of which only nn−1 satisfy the compatibility condition, this set can be identified
with the nn−1-adic integers Znn−1 . The fibre in the infite tower of covering spaces in Eq.
(15) over a point v is therefore Znn−1 .
A given loop (z1(t),z2(t), . . . ,zn(t)) in Cn lifts to n paths in Dn, which can be identified
via the homotopy equivalence with the n paths (z1(t)− zi(t),z2(t)− zi(t), . . . ,zi−1(t)−
zi(t),zi+1(t)− zi(t), . . . ,zn(t)− zi(t)), i = 1,2, . . . ,n. These n paths permute the points
in the fibre over the base points (z1(0)− zi(0),z2(0)− zi(0), . . . ,zi−1(0)− zi(0),zi+1(0)−
zi(0), . . . ,zn(0)− zi(0)) via monodromy, so that we obtain a braid group action on the set
Z/nZ×Znn−1 , which is homeomorphic to Zn.
This finishes the proof of Theorem 1.2 and it follows immediately that Bn acts on Zn
via the monodromy action. We write the action as φn(·,B) : Zn→ Zn, B ∈ Bn.
Definition 3.2. A point v = (v1,v2, . . . ,vn−1) ∈Vn is said to have 0 in ith position if exactly
i−1 of its entries v j have a negative real part and exactly n− i have positive real part.
Remark 3.3. For a base point z = (z1,z2, . . . ,zn) in Cn, the corresponding n start and
end points of the lifted paths in Vn are given by xi = (z1− zi,z2− zi, . . . ,zi−1− zi,zi+1−
zi, . . . ,zn−zi). If all the zi have distinct non-zero real parts, the point xi has 0 in ith position
(possibly after permuting the indices). A loop in Cn based at z and corresponding to the
braid B lifts to n paths between xi. Note that the entries of each of these paths together
with the 0-strand are parametrisations of strands that form the same braid B. Therefore,
the lift that starts at xi must end at the point xpi(B), where pi : Bn→ Sn is the permutation
representation . The monodromy action with respect to the covering map p : Dn → Cn,
which is the action on the first factor Z/nZ inside φn, is thus precisely the permutation
representation.
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3.2. The proof of Theorem 1.3i) for the action φn. We proceed with the proof of Theo-
rem 1.3i).
Proposition 3.4. The braid group Bn action defined by φn preserves the metric on Z/nZ×
Znn−1 . Therefore, the action φn(·,B) : Zn→ Zn is continuous.
Proof. The topology on Znn−1 is induced by the metric, which itself is derived from the
nn−1-adic valuation. We can easily extend the metric toZ/nZ×Znn−1 . Let x=(x1,x2,x3, . . .)∈
Z/nZ×Znn−1 and y = (y1,y2,y3, . . .) ∈ Z/nZ×Znn−1 , i.e., xi,yi ∈ Z/n× (nn−1)iZ satisfy
the compatibility conditions xi≡ xi−1 mod n×(nn−1)i, yi≡ yi−1 mod n×(nn−1)i. Suppose
that |y− x|n = (nn−1)−m−1. This is equivalent to x and y agreeing on the first m terms of
the sequence, i.e., xi = yi for all i = 1,2, . . . ,m, but xm+1 6= ym+1.
Therefore, the first m terms of the sequences x.γ and y.γ also agree with each other for
all γ ∈ Bn, which means the distance between φn(x,γ) and φn(y,γ) is at most (nn−1)−m−1.
On the other hand, applying γ−1 to φn(x,γ) and φn(y,γ) shows that their distance is at least
(nn−1)−m−1. Hence |φn(y,γ)− φn(x,γ)|n = (nn−1)−m−1 and the action φn preserves the
metric on Z/nZ×Znn−1 . The ε−δ criterion then tells us that the action is continuous on
Z/nZ×Znn−1 and by Section 2.1 continuous on Zn. 
3.3. The action ψn. Explicit calculations of φn are rather elaborate. In order to com-
pute the action of the generators σi of Bn on Zn, we need to find a parametrisations of
each σi, say (z1(t),z2(t), . . . ,zn(t)), t ∈ [0,1]. The n lifts of these loops in Vn are then
(z1(t)−zi(t),z2(t)−zi(t), . . . ,zi−1(t)−zi(t),zi+1(t)−zi(t), . . . ,zn(t)−z(t)), i= 1,2, . . . ,n.
We now need to lift each of these paths in Vn to paths in Z
j
n. Every such lifting proce-
dure corresponds to solving a system of n−1 polynomial equations for sufficiently many
data points {ti}i=1,2,...,m ⊂ [0,1]. Therefore, in order to compute the action of σi on the
first k+ 1 coordinates of Z/nZ×Znn−1 , k ≥ 1, we need to solve mn(nn−1)k−1 systems of
2(n−1) polynomial equations, each of which has nn−1 solutions.
Once we have found the lifts, we can read off the permutations on the fibres in the
different Z jn, j = 1,2, . . . ,k, that are induced by σi. From these we can build the effect of
any B ∈ Bn on the first k+1 coordinates by composing the permutations for the individual
generators (and their inverses). The action on the first coordinates on Zn can then be
determined via the homeomorphism between Z/nZ×Znn−1 and Zn. The composition of
permutations can be done in a number of steps that grows linearly with the length of the
braid word of B. What makes this calculation impractical is the huge number of systems
of polynomial equations that we have to solve.
Since we want to avoid such unnecessarily expensive computations, we define a differ-
ent action ψn of Bn on Znn ∼= Zn, which is very similar to φn, but requires solving only mn
systems of 2(n−1) polynomials, no matter how many coordinates of Zn we are interested
in. As an illustration of the concept we solve the corresponding systems of equations for
the cases of n= 2 and n= 3 in Section 5 and illustrate how to use the solutions to compute
the action of any braid B ∈ Bn on any given number of coordinates of Zn.
We now define the action ψn. Let B ∈ Bn. Like in the definition of φn we think of B as
a loop in Cn and lift it to n paths in Vn. Lifting these paths to Zn results in n× nn−1 paths
in Zn, which give us a permutation of the n×nn−1 = nn in the fibre that is compatible with
pi(B). The action of B on the first coordinate of Znn via ψn is therefore the same as its
action on the second coordinate of Z/nZ×Znn−1 via φn(·,B). We are going to refer to this
map more often, so we give it a name: σ : Bn→ Snn .
Now comes the part that distinguishes the new action from φn. Each of the n× nn−1
paths in Zn corresponds to a family of polynomials fi,t ⊂ Zn, i = 1,2, . . . ,nn, t ∈ [0,1] such
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that the union of the critical values of fi,t and the zero strand (0, t) ⊂ C× [0,1] form the
braid B as t varies from 0 to 1. Since fi,t ∈ Zn, the roots of fi,t also form a braid as t varies
from 0 to 1, say Bi. Instead of lifting the n× nn−1 paths in Zn to Z2n as before (i.e., using
the particular parametrisations of Bi that we obtained through the lifting procedure), we
consider each Bi as a loop in Cn just like we did for the original braid B. We can lift these
nn loops in Cn to paths in Vn and then Zn and obtain nn permutations of the nn points in the
fibre. By definition these permutations are simply σ(Bi).
We can write these nn permutations σ(Bi) of nn points as one permutation of (nn)2
points that is compatible with the permutation of nn points, i.e., compatible with the action
on the first coordinate of Znn , as follows. Label the points with 0 through n2n−1, so that
every number can be expressed uniquely as nnk+ i with k, i = 0,1,2, . . . ,nn−1. Then the
permutation of (nn)2 points is
(21) nnk+ i 7→ nnσ(Bi)(k)+σ(B)(i).
Note that the residue class mod nn of the image is given by σ(B), which means that this
permutation on (nn)2 points is compatible with σ(B) on nn points. In each residue class are
nn elements that nnk+ i could be mapped to by a permutation that satisfies this compatibil-
ity condition. The permutation σ(Bi) specifies which one is the actual image point. From
this description it is (hopefully) clear that we can associate to every braid B a permutation
of (nn)2 points that is compatible with σ(B) on nn points. It might not be entirely obvious
that we have actually constructed an action on the set of (nn)2 points.
Since θn and p are a covering maps, the homotopy types of the lifted paths only depend
on the homotopy type of the original path in Cn. Equivalently, the braid types Bi of the
braids formed by the roots of the lifts fi,t are invariants of the original braid B. In particular,
neither the choice of parametrisation of B, nor the choice of parametrisations of the lifted
braids Bi as loops in Cn changes the resulting permutation.
Let z0 through znn−1 denote the points in the fibre in Zn. Let Bn
n
n be the direct product of
nn copies of Bn. The symmetric group Snn acts on Bn
n
n by permutation of the components.
Algebraically, the lifting procedure gives us a homomorphism h from Bn to the semidirect
product, or wreath product, Bnnn oSnn , where h sends a braid B to the list of lifted braids Bi
starting at zi and the permutation σ(B),
(22) h : B 7→ (B0,B1,B2, . . . ,Bnn−1,σ(B)).
It is a homomorphism because addition in Bnnn oSnn corresponds to concatenation of paths
(i.e., braids) with matching start and end points. Composing h with nn copies of σ we
obtain a homomorphism Bn → Snn o Snn . We can now check that the map that sends an
element (σ(B1),σ(B2), . . . ,σ(Bnn),σ(B)) ∈ SnnoSnn to the permutation in Equation (21)
is a homomorphism SnnoSnn → S(nn)2 , which altogether results in a homomorphism Bn→
S(nn)2 . We have
nnσ(Bσ(A)(i))(σ(Ai)(k))+σ(B)(σ(A)(i)) = nnσ(AiBσ(A)(i))(k)+σ(AB)(i)
= nnσ((AB)i)(k)+σ(AB)(i)(23)
for all A,B ∈ Bn. We have therefore constructed an action ρn,2 of Bn on (nn)2 points that
is compatible with the action ρn,1 = σ on nn points. We iterate this process to actions on
(nn) j+1 points that are compatible with the action on (nn) j points.
Applying the homomorphism h to each of the Bi results in nn elements of BnoSnn . Pre-
viously, we denoted the image of a braid B under h by (B0,B1,B2, . . . ,Bnn−1,σ(B)). In or-
der to avoid excessive use of subscripts we write B2,i,B2,nn+i,B2,(2×nn)+i . . . ,B2,(nn−1)×nn+i
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for the braids that correspond to the lifts of Bi instead of Bi0 , Bi1 and so on. Note in particu-
lar that all braids that are lifts of Bi have a second index that is in the residue class i mod nn.
We have chosen this labelling such that the map B 7→ (B2,0,B2,1,B2,2, . . . ,B2,(nn)2−1,ρn,2(B))
becomes a homomorphism from Bn to B
(nn)2
n o S(nn)2 . Exactly as in the previous case we
define the action of B on (nn)3 points by
(24) (nn)2k+ i 7→ (nn)2σ(B2,i)(k)+ρn,2(B)(i),
where k = 0,1,2, . . . ,nn−1 and j = 0,1,2, . . . ,(nn)2−1.
It is important to note that not only the braid types B1,i = Bi of the lifted paths of
the parametrisations of B are invariants of B. As such the braid types of the lifts of the
parametrisations of B2,i are also invariants of B, say B2,knn+i, k = 0,1,2, . . . ,nn− 1. Con-
tinuing like this we obtain a sequence of braids
(B,{B1,0,B1,1,B1,2, . . . ,B1,nn−1},{B2,0,B2,1,B2,2, . . . ,B2,(nn)2−1}, . . . ,
{B j,0,B j,1,B j,2, . . . ,B j,(nn) j−1}, . . .)(25)
that is an invariant of B. This should be understood as follows. If two braids, A and B, with
sequences
(A,{A1,0,A1,1,A1,2, . . . ,A1,nn−1},{A2,0,A2,1,A2,2, . . . ,A2,(nn)2−1}, . . . ,
{A j,0,A j,1,A j,2, . . . ,A j,(nn) j−1}, . . .)(26)
and
(B,{B1,0,B1,1,B1,2, . . . ,B1,nn−1},{B2,0,B2,1,B2,2, . . . ,B2,(nn)2−1}, . . . ,
{B j,0,B j,1,B j,2, . . . ,B j,(nn) j−1}, . . .)(27)
are isotopic, then for every j, i the braid A j,i is isotopic to B j,i.
We can define an action ρn, j+1 on (nn) j+1 points inductively via
(28) (nn) jk+ i 7→ (nn) jσ(B j,i)(k)+ρn, j(B)(i),
where ρn, j is the action on (nn) j points and k = 0,1,2, . . . ,nn−1 and i= 0,1,2, . . . ,(nn) j−
1. Note that the residue classes mod (nn) j are permuted according to ρn, j, i.e., the action on
(nn) j+1 points is compatible with the action on (nn) j points. We thus obtain a braid group
action ψn on Znn ∼= Zn. Since ψn is constructed from permutations in every coordinate of
Znn it preserves the metric and is therefore continuous, both by exactly the same arguments
as in the case of φn (cf. Proposition 3.4). This concludes the proof of Theorem 1.3 i).
Remark 3.5. It should be noted that this new action ψn(·,B) carries less (or equal) infor-
mation about B than φn(·,B). This is because Zn is a proper subset of Cn. In particular,
there are non-homotopic paths γ1, γ2 in Zn corresponding to families of polynomials ft and
gt such that the braids that are formed by the roots of ft and gt are isotopic. On the other
hand, ψn(·,B) is completely determined by h(B) ∈ Bnnn oSnn .
Remark 3.6. The construction of both actions in this section is possible because Zn can be
embedded into Vn by sending a polynomial to the set of its non-zero roots. There is another
way of embedding Zn into Vn, which sends a polynomial to the set of its critical points. We
again obtain a tower of covering spaces Zˆ jn and can define analogues of the actions φn and
ψn. In fact, all results from this section remain true for these actions.
Note that for j > 1 the spaces Zˆ jn are different from Z
j
n as they are the spaces of monic
polynomials f such that the set of critical values of f is the set of critical points of a
polynomial in Zˆ j−1n . We will see in Section 5, that the analogue of ψ3 is different from ψ3.
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4. SEQUENCES OF BRAIDS
This section aims at using sequences of braids to make braid invariants stronger. Say
we have a way of associating to any braid B ∈ Bn a sequence of braids, whose braid types
are invariants of B. We take a braid invariant In : Bn→ Kn with values in some set Kn that
is not very good at distinguishing braids, but easy to compute, such as the exponent sum
or the permutation representation, which both grow in complexity linearly with the length
of the braid word. We can evaluate In on the first k terms of the sequence associated to B
and obtain a sequence of braid invariants that is presumably much stronger than the original
invariant In. If two braids A and B are isotopic, then not only are their exponent sums equal,
but also every braid in the sequence associated to A is isotopic to its counterpart in the
sequence associated to B and hence these exponent sums must be equal too. Furthermore, if
it is not hard to compute the sequence corresponding to a braid B, then the whole sequence
of invariants is relatively easy to compute too.
In the previous section (cf. Eq. (25)) we have encountered such a sequence of braids.
There are some other candidates that are just as suitable for our purposes. We could for
example consider the collection of lifts in Z jn of a loop in Cn that corresponds to the braid
B. Each of the lifts is a path in Z jn and therefore corresponds to a braid B′j,i starting at the
point z j,i, i = 0,1,2, . . . ,n× (nn−1) j−1, in the fiber in Z jn. We obtain again a sequence of
braids
(29) (B,{B′1,i}i=0,1,2,...,nn−1,{B′2,i}i=0,1,2,...,n×(nn−1)2−1, . . .)
similar to Equation (25), which are invariants of B. This time however, the sequence is
not determined by the entries B′1,0,B
′
1,1,, . . . ,B
′
1,nn−1 and the permutation in Snn . This is
essentially because Z jn is a proper subset of Vn. In particular, there are paths in Z
j
n with the
same start and end points that correspond to the same braid (i.e., are homotopic in Cn), but
are not homotopic in Z jn.
Remark 4.1. There are two different embeddings of Z1n into Vn, the one that sends a poly-
nomial to its non-zero roots and the one that sends a polynomial to its critical points. Both
of these give rise to an infinite tower of covering spaces Z jn and Zˆ
j
n and the procedure dis-
cussed above works for both of them. Hence we have in fact three sequences of braids, B j,i
B′j,i and Bˆ j,i, say, that are candidates for improving braid invariants.
Remark 4.2. Note that while the braid sequences are invariants of the braid B, they do
depend on the base point in Cn.
The sequences B j,i, B′j,i and Bˆ j,i are infinite sequences of braid invariants of B. In
order to understand if they are useful for the improvement of braid invariants, we need to
know how hard it is to compute them. Once we have computed the first k terms of the
corresponding sequences and permutations for each generator of Bn, we can calculate the
first k terms of the sequences B′j,i and Bˆ j,i in a number of steps that grows linearly with the
length of the braid word of B as it is simply addition in semi-direct products of groups. In
the case of B′j,i and Bˆ j,i the first k terms of the sequences that correspond to a generator
can be found by solving k systems of polynomial equations. If k is too large, this becomes
impratical. Therefore, even though we have in theory infinite sequences of invariants at
our disposal, in practice we will only calculate the first k entries for some relatively low
number k. In the case of B j,i we only have to solve one system of polynomial equations to
find the first term of the sequence {B1,i}i=0,1,2...,nn−1 corresponding to a generator B = σm.
From this first term we can calculate B j,i for any braid B and any j, i in a number of steps
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that grows linearly with the length of B. The sequence B j,i is therefore significantly easier
to compute than B′j,i or Bˆ j,i.
The braids B j,i, B′j,i and Bˆ j,i in the sequences are open braids in the sense that in general
the corresponding paths in Zn and Z
j
n respectively are not necessarily loops. We can asso-
ciate braids to the paths nonetheless, since isotopies of the braids formed by the roots of
the polynomials that make up the paths are equivalent to homotopies of paths that keep the
start and end points fixed. However, there is also a way to associate to a braid B a sequence
of braids B j,C that correspond to loops in Z
j
n. These can be used to turn an invariant of
conjugacy classes of braids into a sequence of invariants of conjugacy classes of braids,
which is presumably much stronger.
Denote by φn, j(B) the restriction of the action φn(·,B) to an action on n×(nn−1) j points
and let C j the set of cycles of φn, j(B). Then every cycle
(30) C = (i φn, j(B)(i) φn, j(B)2(i) . . . φn, j(B)|C|(i)) ∈ C j,
where |C| is the length of the cycle C, can be associated with the braid corresponding to
the loop γC in Z
j
n that is the concatenation of the lifts starting at z j,i, z j,φn, j(B)(i), z j,φn, j(B)2(i)
and so on, where we denote the points in the fibres in Z jn by z j,i.
We thus obtain a sequence of braids
(31) (B,{BC1,i}i=1,2,...,|C1|,{BC2,i}i=1,2,...,|C2|, . . .)
where we have labelled the cycles in C j by C j,i and |C j| denotes the number of cycles of
φn, j(B).
The above procedure again really gives rise to several sequences of braids, depending
on how we choose to associate a braid to a path in Z jn, the braid that is formed by its roots
B′j,i or by its critical points Bˆ j,i.
Now every braid in the sequence (31) (apart from B) comes from a loop in Z jn, which
was obtained from a lifting procedure. This means that the sequence (31) is an invariant
of the conjugacy class of B in the sense that if A is conjugate to B, then for every j there
is a bijection g j between the sets of cycles of φn, j(B) and φn, j(A) that maps each cycle to
a cycle of the same length. Furthermore, Ag j(C j,i) is conjugate to BC j,i . We can now apply
an invariant Jn of braid conjugacy classes in Bn to the sequence in Eq. (31) and obtain a
sequence of invariants that is (presumably) a lot stronger than the original invariant Jn.
At this moment it is not clear how such a sequence of braids changes under stabilisation
and destabilisation, i.e., how the sequence corresponding to Bσ±1n is related to the sequence
corresponding to a n-strand braid B. The hope is that there are some properties that stay
invariant, which can be used to define a sequence of link invariants analogously to the
sequence of invariants of braids and braid conjugacy classes in the previous paragraphs.
5. COMPUTATIONS FOR n = 2 AND n = 3
In this section we compute how the generators of the braid groups Bn act on Znn ∼= Zn,
for n = 2 and n = 3 via ψn. The effect of more complicated braid words on two or three
strands can then be obtained by composing the permutations coming from the relevant
generators.
5.1. The case of n = 2. The case of n = 2 is probably the only case that is simple enough
to be done by hand. One possible parametrisation of the only generator σ1 of B2 ∼= Z is
given by ( 12 e
i(t+ε),− 12 ei(t+ε)), where t is going from 0 to pi and ε is some small positive
real number. In theory choosing ε = 0 is possible, but it will become clear that this is not
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a good choice. This parametrisation is a loop in C2 with base point ( 12 e
iε ,− 12 eiε) and its
lifts in V2 are given by x(t) = ei(t+ε) and y(t) =−ei(t+ε), two paths permuting the 2 points
x1 = eiε and x2 =−eiε in V2.
In order to compute the action we first need to find the preimage points of x1 and x2
under θ2, i.e., we have to find monic quadratic polynomials with one (simple) root equal
to 0 and the critical value equal to x1 = eiε (and x2 =−eiε , respectively). We thus have to
solve
c(c− z) = x = eiε
2c− z = 0(32)
as well as
c(c− z) = y =−eiε
2c− z = 0(33)
for the non-zero root z. In the first case, we obtain z=±2ei(ε+pi)/2, which are the nn−1 = 2
preimage points of x1, corresponding to the polynomials u(u∓2ei(ε+pi)/2)∈ Z2. In the latter
case, we have z = ±2eiε/2. We label these points as follows: z1 = 2eiε/2, z2 = 2ei(ε+pi)/2,
z3 = −2eiε/2 and z0 = −2ei(ε+pi)/2. The reason for our choice of a positive ε was that
the real parts of the points in this fibre are non-zero, which allows us to read off the braid
words corresponding to lifted paths. Now we calculate how the two paths x(t) and y(t) in
V2 permute these four preimage points. We already know that the preimage points of x1
get mapped to preimage points of x2 and vice versa.
We solve
c(t)(c(t)− z(t)) = x(t) = ei(t+ε)
2c(t)− z(t) = 0(34)
as well as
c(t)(c(t)− z(t)) = y(t) = ei(t+ε+pi)
2c(t)− z(t) = 0(35)
for the non-zero root z(t). In the first case, we obtain z(t) = 2ei(t+ε±pi)/2 and in the latter
z(t) = ±2ei(t+ε)/2. The lifted path that starts at z1 = 2eiε is 2ei(t+ε)/2 and it ends at t = pi
at 2ei(ε+pi)/2, which is z2. The lifted path that starts at z2 = 2ei(ε+pi)/2 is 2ei(t+ε+pi)/2 and
it ends at t = pi at 2ei(ε/2+pi) =−2eiε/2 = z3. Since we know that all lifted paths that start
at preimage points of x1 end at preimage points of x2 and vice versa, this is enough to
conclude that the permutation sends zi to zi+1, where the index is taken mod 4. Hence the
cycle notation of the action of σ1on four points is
(36) ρ2,1(σ1) = (0 1 2 3).
We could interpret each of the four paths as paths in V2 and lift them too, which would
tell us the action of σ1 on the third coordinate of Z2 via φ2, i.e., the restriction of φ2 to
an action on eight points. However, this would require a calculation of the eight preimage
points of {z0,z1,z2,z3}, so after a number of iterations this procedure becomes unnecessar-
ily long. Instead we are going to focus on the braids that each lifted path corresponds to,
as in the construction of ψ2. Recall that each of the lifted paths corresponds to a family of
polynomials, one of whose roots is 0 and the other given by z(t). The points x1 and x2 were
chosen such that their preimage points are not purely imaginary, which makes it possible
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b)
d)
FIGURE 1. The braids that are formed by the roots of the polynomials
corresponding to the lifts of σ1 in V2 with ε = 0.8. a) The lift that starts
at z1 has the corresponding braid B1,1 = σ1. b) The lift that starts at z2
corresponds to the trivial braid, B1,2 = e. c) The lift that starts at z3 has
the corresponding braid B1,3 =σ1. d) The lift that starts at z0 corresponds
to the trivial braid, B1,0 = e.
to read off the braid word from a parametric plot of the roots corresponding to a lifted path,
namely the 2-strand braid that is formed out of the 0-strand and z(t).
For the paths that start at z1 and z3 we find that the corresponding braid is σ1 and for
the paths that start at z2 and z0 we obtain the trivial braid (cf. Figure 1). In the notation
of the previous section, B1,1 = B1,3 = σ1 and B1,2 = B1,0 = e. Each of these braids can
be parametrised as a loop in C2, which leads to paths in V2 with start and end points at
{x1,x2}. This information is enough to compute the action of any 2-strand braid B on Z2.
We would like to give a bit more insight into the calculations and also compute the action
of σ1 on the second coordinate of Z4, i.e., on 16 points. For each of the four braids B1, j
we obtain again an action on the preimage points of {x1,x2}, a trivial permutation for the
trivial braids and cyclic permutations (0 1 2 3) for the σ1 as above.
We arrange these four permutations of four points into one permutation of 16 points,
labelled 0 through 15, as indicated in Section 3. Points that have a label j mod 4 must be
mapped to a point with a label j+1 mod 4 in order to be consistent with the action that σ1
induces on 4 points. Therefore, the point with the label 1 can go to four possible values,
2, 6, 10 and 14. The label 1 corresponds to the braid B1,1 = σ1, which induces the cyclic
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permutation on four points. We thus send the point 1, the first of the points 1 mod 4, to
the second possible point that it can go to, in this case 6. Similarly, the point 5, the second
of points with a label 1 mod 4, is mapped to 10, which is the third possible value that it
can take. In exactly the same way 9 is mapped to 14, 13 to 2, 3 (the first point 3 mod 4,
which is the other residue class j mod 4 whose corresponding braid is B1, j = σ1) to 4 (the
second point 0 mod 4), 7 to 8, 11 to 12 and 15 to 16. The points that have even labels are
start points of the lifts B1,2 and B1,0, both of which are trivial and therefore induce trivial
permutations. Therefore, the point 2, which is the first in the list of points with label 2 mod
4 should be mapped to the first point of the list of points 3 mod 4, i.e., 3. and so on.
In other words, the permutation on 4 j points dictates how the residue classes mod 4 j are
permuted. Therefore, every point x ∈ {0,1,2, . . . ,4 j+1− 1} has 4 possible image values.
Which one of these it is mapped to is determined by the permutation on 4 points that is
induced by the braid B j,x mod 4 j .
Therefore the permutation of 16 points induced by the generator σ1 is given by
4k+1 7→ 4(k+1)+2 mod 16,
4k+2 7→ 4k+3 mod 16,
4k+3 7→ 4(k+1) mod 16,
4k 7→ 4k+1 mod 16,(37)
where k = 0,1,2,3. In cycle notation this is
(38) (0 1 6 7 8 9 14 15)(2 3 4 5 10 11 12 13).
For a general 2-strand braid B = σ k1 , k ∈ Z the action on Z2 can now be described
as follows. For the first coordinate of Z2 there are two points, 0 and 1, and B permutes
non-trivially if and only if k is odd. The action of B on the four possible choices of the
second coordinate is given by τk, where τ is the cyclic permutation of four elements,
(1 7→ 2 7→ 3 7→ 0 7→ 1). Note that for a given parity of k there are again only two possible
permutations and the action is trivial if and only if k is divisible by four. The braid words
that are formed by the four lifted paths are each σ k/21 if k is even and twice σ
bk/2c
1 and twice
σ dk/2e1 if k is odd. Using the notation of Section 3, we have
(39) B1,1 = B1,2 = B1,3 = B1,0 = σ
k/2
1
if k is even and
B1,1 = B1,3 = σ
dk/2e
1 ,
B1,2 = B1,0 = σ
bk/2c
1 ,(40)
if k is odd.
If we take for example B = σ121 , then the action on the four preimage points of {x1,x2}
is given by the twelfth power of the cyclic permutation, i.e., the identity. The four lifted
paths each has the braid σ61 . Each of these paths gives us a permutation of the four preimage
points of {x1,x2}. Since all four braids are identical, we obtain the same permutation every
time, the 6th power of the cyclic permutation, i.e., (1 7→ 3 7→ 1,2 7→ 4 7→ 2). These can be
arranged into a permutation of 16 elements that is compatible with τ1(B) = id, namely
(41) ρ2,2(σ121 ) = (1 9)(5 13)(2 10)(6 14)(3 11)(7 15)(4 12)(8 0).
This permutation was obtained as follows. Because τ1(B) = id every number must be
mapped to a number which lies in the same residue class mod 4. Since we are constructing
a permutation on 16 elements, there are four possible images of each number, for example
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1 could go to 1, 5, 9 or 13. The permutation (1 7→ 3 7→ 1,2 7→ 0 7→ 2) now tells us how
these four numbers are permuted, namely the first and the third number in this residue class
(1 and 9) are swapped and the second and the fourth number in this residue class (5 and
13) are swapped. Analogous computations apply to the other residue classes.
The braid words of the 16 lifted paths are each σ31 , which we can use in a similar fashion
to construct the action on 64 elements as
(42) 16k+ i 7→ 16(k+3)+ρ2,2(σ121 )(i),
since σ(σ31 ) = (0 1 2 3)
3. The braids corresponding to the lifts of σ31 are either σ
2
1 or σ1
depending on the start point. We can use these to compute the action on 256 points and
then 4 j points by repeating the process.
Proposition 5.1. The action ψ2 of B2 on Z2 is faithful.
Proof. Consider a braid B = σ k1 with k ∈ Z and k 6= 0, i.e., k = 2mq for some m ∈ N0 and
some odd q∈Z. As we have seen above, the induced permutation is non-trivial if m= 0. If
m> 0, the computations from the previous paragraphs tell us that after the m−1th iteration
of the lifting procedure results in 4m−1 paths in V2 that each form the braid σ2q1 . In the
notation of the previous section, we have Bm, j = σ2q1 for all j = 1,2, . . . ,4
m.
This means that the permutation on the mth coordinate of Znn is non-trivial. For exam-
ple, the elements 1, 4m−1+1, 2×4m−1+1 and 3×4m−1+1 are permuted in a non-trivial
way, namely
(43) (1 7→ 4m−1+1 7→ 2×4m−1+1 7→ 3×4m−1+1)2q mod 4,
where q is odd. Therefore, the trivial braid (with k = 0) is the only braid that leads to a
trivial permutation of the n-adic integers. In other words, the action on Z4 is faithful and
hence ψ2 is faithful on Z2. 
We can see from the calculations that the action is not transitive. Recall from Equation
(38) the permutation of 16 points that is induced by the generator σ1, i.e., the action of
σ1 on the second coordinate of Z4. Since there are two distinct cycles, no power of σ1
can map a 4-adic integer whose second coordinate is 1 to a 4-adic integer whose second
coordinate is 2.
Remark 5.2. Note that the fact that the critical points of a polynomial in Zn are branch
points with deficiency 2 is reflected in the halving of the exponent of σ1 with each lifting
procedure.
Remark 5.3. We mentioned before that we can use the other embedding of Zn into Vn,
the one that sends a polynomial to its set of critical points rather than its non-zero roots,
to define actions on Zn completely analogously to the constructions in Section 3. We can
perform similar calculations for the analogue of ψn as above. In principle, we could obtain
different permutations and lifted braids (see the case of n = 3). However, in the case of
n = 2, the critical point of a monic polynomial with constant term equal to 0 is precisely
half of the non-zero root. Hence, we obtain the same permutations and braids.
5.2. The case of n = 3. For the case of n = 3 we have to consider the two generators
σ1 and σ2. As a base point in C3 we choose (quite arbitrarily) {0,eipi/4,2}. The corre-
spondingly chosen points in V3 are therefore x1 = {eipi/4,2}, x2 = {−eipi/4,2− eipi/4} and
x3 = {−2,eipi/4−2}. Note that the labels are chosen such that xi has 0 in ith position.
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The preimage set θ−13 ({x1,x2,x3}) consists of 33−1 = 27 points in Z3. These are, tu-
ples of complex numbers, which can be identified by solving the corresponding system of
polynomial equations, { f (c1), f (c2)}= x j, f ′(ci) = 0 for the roots of f , as
z0 = {−2.43868− i0.93710,−1.95413+ i0.64884},
z1 = {2.01732+ i0.49143,2.56659− i0.71767},
z2 = {1.59961− i0.51396,2.81046+ i0.04969},
z3 = {0.48455+ i1.58593,2.43868+ i0.93710},
z4 = {1.32174− i0.12887,1.90481+ i1.86390},
z5 = {1.09356− i0.76680,1.44826− i2.40909},
z6 = {0.41516− i2.01675,2.03089− i1.64342},
z7 = {0.77247+ i1.08022,1.43425− i1.50134},
z8 = {0.11729+ i1.33045,1.36220+ i2.45878},
z9 = {0.40779+ i2.58051,1.53898+ i1.36791},
z10 = {−0.77247− i1.08022,0.66178− i2.58157},
z11 = {−0.11729− i1.33045,1.24491+ i1.12832},
z12 = {−0.48455− i1.58593,1.95413− i0.64884},
z13 = {−1.32174+ i0.12887,0.58308+ i1.99277},
z14 = {−1.59961+ i0.51396,1.21085+ i0.56365},
z15 = {−0.41516+ i2.01675,1.61573+ i0.37333},
z16 = {−2.01732− i0.49143,0.54927− i1.20909},
z17 = {−1.09356+ i0.76680,0.35470− i1.64229},
z18 = {−0.40780− i2.58051,1.13118− i1.21260},
z19 = {−1.43425+ i1.50134,−0.66178+ i2.58157},
z20 = {−1.44826+ i2.40909,−0.35470+ i1.64229},
z21 = {−1.53898− i1.36791,−1.13118+ i1.21260},
z22 = {−1.90481− i1.86390,−0.58308− i1.99277},
z23 = {−1.36220− i2.45878,−1.24491− i1.12832},
z24 = {−2.03089+ i1.64342,−1.61573− i0.37333},
z25 = {−2.56659+ i0.71767,−0.54927+ i1.20909},
z26 = {−2.81046− i0.04969,−1.21085− i0.56365}.(44)
Numbers are rounded to five decimal points. The labels are such that the preimage
points of xi have a label from the residue class i mod 3.
The preimage set of one fixed xi has some symmetries. If y = (y1,y2) ∈ Z3 maps to xi,
so does e2pii/3y= (e2pii/3y1,e2pii/3y2). This, or rather its analogue with e2pii/n, is in fact easy
to check for polynomials of any degree n, not just n = 3. The other symmetry is a bit more
mysterious (at least to the author). It seems like if y = (y1,y2) ∈ Z3 maps to xi, there is
another point y′ = (y′1,y
′
2) ∈ Z3, which maps to xi and has y′1 equal to −y1. Furthermore,
the point (−y2,−y′2) is also in Z3 and also maps to xi. The few examples that we have
explicitly studied seem to suggest that with these symmetries all preimage points of xi can
be calculated starting from one preimage point y ∈ θ−13 (xi).
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For a given parametrisation of σ1 as a loop in C3 for example
(45) {y1(t),y2(t),y3(t)}= {12e
i(pi/4+t)+
1
2
eipi/4,−1
2
ei(pi/4+t)+
1
2
eipi/4,2},
where t is going from 0 to pi , the corresponding paths {v1(t),v2(t)} in V3 with start and
endpoints in {x1,x2,x3} are {y2(t)−y1(t),y3(t)−y1(t)}, {y1(t)−y2(t),y3(t)−y2(t)} and
{y1(t)− y3(t),y2(t)− y3(t)}.
The paths permute the start and endpoints xi according to the permutation representation
of σ1, i.e., the path that starts at x1 ends at x2 and vice versa, while the path that starts at
x3 is a loop. We can lift these paths in V3 to paths in Z3 with start and end points in
θ−13 ({x1,x2,x3}). We do this by solving a system of polynomial equations,
ft(ck) = ck(t)
2
∏
i=1
(ck(t)−ui(t)) = vk(t), k = 1,2,
∂ ft
∂u
(ck(t)) = 0, k = 1,2,
for ui for values t = jpi/100, j = 0,1, . . . ,100 for each of the three paths. With a set of 101
data points for each strand, it is easy to identify the lifted paths in Z3 and the corresponding
braids that are formed by the roots of the polynomials that make up the paths.
a) b)
FIGURE 2. Braids that are formed by the roots of the polynomials cor-
responding to the lifts of σ1 in Z3. a) B1,1 is the trivial braid. The con-
figuration of the roots (strands) at t = 0 is that of z1 together with the
orange strand as the 0-strand. At t = 2pi the non-zero strands are in the
position of z2. b) B1,3 = σ1. It starts at z3 and ends at z9.
For example, the lift that starts at z1 ends at z2. A braid that interpolates the 101 data
points for the set of roots of the polynomials that form this lift is shown in Figure 2a) and
it is obviously the trivial braid. Performing this lifting procedure for every zi gives us the
permutation of the 27 points in θ−13 ({x1,x2,x3}), namely
ρ3,1(σ1) =(1 2)(3 9 15)(4 8 13 11)(5 7 17 10)(6 12 18)(14 25 26 16)
(19 20)(21 24 0)(22 23).(46)
Note that because pi(σ1) = (1 2), every lift that starts at a point with index 1 mod 3 must
end at a point with index 2 mod 3 and vice versa. Therefore the permutation above can be
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split into those cycles that only contain numbers 0 mod 3 and those that permute numbers
that are not 0 mod 3.
From the lifted paths we find the braid words of the corresponding braids
(A1,0,A1,1,A1,2, . . . ,A1,26) = (e,e,σ2,e,e,e,σ−11 ,σ1,σ1,σ1,σ1,σ1,e,e,σ2,σ
−1
1 ,
e,e,σ1,σ1,e,σ1,e,σ1,σ−11 ,e,σ2)(47)
where e denotes the trivial braid and A1,i is the braid corresponding to the lift that starts at
zi.
Similarly for σ2 we obtain the permutation
ρ3,1(σ2) =(1 4 7)(2 3 14 12)(5 6)(8 9)(10 16 22)(11 21 23 18)
(13 19 25)(15 20 24 17)(26 0)(48)
Note that because pi(σ2) = (2 3), every lift that starts at a point with index 2 mod 3 must
end at a point with index 0 mod 3 and vice versa. Therefore the permutation above can be
split into those cycles that only contain numbers 1 mod 3 and those that permute numbers
that are not 1 mod 3.
The braids corresponding to the lifts are
(B1,0,B1,1,B1,2, . . . ,B1,26) = (σ1,σ−12 ,e,σ1,σ2,e,σ2,e,σ2,e,e,σ2,σ1,σ2,e,σ2,
σ−12 ,e,e,e,e,e,σ2,σ2,σ2,σ
−1
2 ,e).(49)
Example: We consider the braid β = σ121 σ
12
2 σ
−12
1 σ
−12
2 . Then
(50) ρ3,1(β ) = ρ3,1(σ1)12ρ3,1(σ2)12ρ3,1(σ1)−12ρ3,1(σ2)−12 = id.
Some of the β1,i are trivial braids. For example,
β1,1 =
11
∏
k=0
A
1,(ρ3,1(σ1))
k
(1)
11
∏
k=0
B
1,(ρ3,1(σ2))
k
(1)
12
∏
k=1
A−1
1,(ρ3,1(σ1))
−k
(1)
12
∏
k=1
B−1
1,(ρ3,1(σ2))
−k
(1)
= (A1,1A1,2)6(B1,1B1,4B1,7)4(A−11,2A
−1
1,1)
6(B−11,7B
−1
1,4B
−1
1,1)
4
= σ62 (σ
−1
2 σ2)
4σ−62 (σ
−1
2 σ2)
4
= e.(51)
We have
(52)
(β1,0,β1,1,β1,2, . . . ,β1,26) = (e,e,S,e,e,T,e,e,T,e,e,T,e,e,S,e,e,T,e,e,T,e,e,T,e,e,S),
where S = σ62σ
6
1σ
−6
2 σ
−6
1 and T = σ
6
1σ
6
2σ
−6
1 σ
−6
2 . Note that here only the braids β1,i with
i≡ 2 mod 3 are non-trivial.
Hence, like in the case of n = 2, we witness a certain halving of even exponents. Note
that both ρ3,1(S) and ρ3,1(T ) are non-trivial, so that the action of β on 272 = 729 points is
non-trivial. For example 27×2+2 is sent to 27×26+2.
Recall from Section 3 that h(B) = (B1,0,B1,1,B1,2, . . . ,B1,nn−1,σ(B)). Knowing h(σ1)
and h(σ2) we can compute h(B) for any braid word B in a number of steps that grows
linearly with the length of the braid word. Thus we can also compute h(B j,i) in a linear
time, which define ρ3, j+1(B). Note that the length of B j,i is at most the length of B for all
j, i. Therefore we can compute each ρ3, j(B), i.e., the action ψ3(·,B) on the jth coordinate
of Znn in linear time with respect to the length of B. Note however that the number of
lifted braids B j,i for a given j is (nn) j and thus grows exponentially with j. Therefore in
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particular actions of braids with a large number of strands n are still quite expensive to
compute.
The braids listed in Equations (47) and (49) are formed by the roots of paths in the space
of polynomials corresponding to the lifts of A = σ1 and B = σ2. Note that A1,i = A′1,i and
B1,i = B′1,i as introduced in Section 4. We can perform the same computations for the other
embedding of Zn into Vn, i.e., the braid associated to a path in Zn is given by the union of
the 0-strand and the critical points of the corresponding polynomials. In the case of A= σ1
and B = σ2 these are:
(Aˆ1,0, Aˆ1,1, Aˆ1,2, . . . , Aˆ1,26) = (e,e,e,e,e,e,σ−11 ,σ1,σ1,σ2σ1,σ1,σ1,σ1,e,
σ2,σ−11 ,e,e,σ2,e,e,σ1,e,e,e,e,σ2)(53)
and
(Bˆ1,0, Bˆ1,1, Bˆ1,2, . . . , Bˆ1,26) = (e,e,e,σ1,σ2,e,e,e,e,e,e,σ2,σ1,σ2σ1,e,σ2,
σ−12 ,e,σ
−1
1 ,e,e,e,σ1σ2,σ2σ1,σ2,σ
−1
2 ,e).(54)
We find that the braids that are formed by the critical points are sometimes, but not
always the same as those formed by the roots. One difference is that in the case of the
roots, the lifted braids A1, j and B1, j had at most the length of the original braid A or B,
while Aˆ1,9 for example has length 2.
We can use the embedding of Zn into Vn where a polynomial is mapped to its set of
critical points to construct an action of Bn on Zn completely analogous to the construction
of ψn. By definition the action on nn points of this action is identical with that defined
from ψn. For bigger values of j however, the actions on (nn) j points are different, since
the braids in Equations (53) and (54) are different from those in (47) and (49).
6. DYNAMICS
The previous sections give rise to two types of maps, whose dynamics might be worth
studying. One is produced by the braid group actions on Zn. The problem of describing
this system includes for example questions about the orbits of an n-adic integer under
the actions defined in Section 3. No action of the braid group on the n-adic integers can
be transitive, since Bn is countable, while Zn is uncountable, but we can prove that the
corresponding action on Z/(n× (nn−1) j)Z is transitive for all j.
The other problem that seems somewhat related to dynamical systems is concerning the
image of a point v ∈Vn under repeated application of θ−1n and the image of a point v ∈Vn
under repeated application of θn. In this section we give a brief overview of the kind of
questions that arise here.
6.1. Transitivity. We begin the discussion of transitivity of the group actions with a result
on the topology of the covering spaces Z jn.
Proposition 6.1. Z jn is path-connected for every n and every j.
Proof. Vn is clearly path-connected. We still show this explicitly in a way that is instructive
for the proof of the path-connectedness of Z jn. Let x, y be in Vn. Then in particular x
and y are unordered (n− 1)-tuples of non-zero complex numbers (x1,x2, . . . ,xn−1) and
(y1,y2, . . . ,yn−1) in Cn−1/Sn−1. Consider a corresponding ordered (n−1)-tuple, i.e., x˜ =
(x1,x2, . . . ,xn−1) and y˜ = (y1,y2, . . . ,yn−1) as points in Cn−1. Take a complex affine line
L⊂ Cn−1 containing both x˜ and y˜.
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The points inCn−1 that do not correspond to points in Vn are the zeros of a finite number
of polynomials, namely (z1,z2, . . . ,zn−1) 7→ zi and (z1,z2, . . . ,zn−1) 7→ zi− z j, i 6= j. Since
neither x nor y are a zero of any of these functions, none of them are constant zero on L.
Hence each of the holomorphic functions has a countable number of zeros on L (in fact in
this case a finite number) and the complement of the zeros in L is path-connected. Thus
there is a path from x to y in Vn and Vn is path-connected.
We proceed by induction on j, where we think of Vn as Z0n . Let x, y ∈ Z jn and assume
that Z j−1n is path-connected. Since Z jn is a subset of Z j−1n , there is a path γ from x to y in
Z j−1n . Applying θ j−1n to it yields a path γ ′ in Vn with endpoints θ j−1n (x) and θ j−1n (y). We
want to show that γ ′ can be deformed to lie completely in Zn.
The map that sends a monic polynomial with constant term equal to 0 to its (unordered)
set of critical points is a homeomorphism q.
We consider ordered (n−1)-tuples, ˜q(θ j−1n (x)) and ˜q(θ j−1n (y)) and the corresponding
path q˜(γ ′) between them. We say a point in Cn−1 corresponds to a point in Zn (respectively
Vn) if it lies in q(Zn) (respectively q(Vn)) when considered as an unordered (n−1)-tuples.
Again the sets of critical points that correspond to points in Vn, but not to points in Zn are the
zeros of a finite number of holomorphic functions that are not constant zero. Therefore,
the points that correspond to points in q(Zn) is dense and open in the set of points that
correspond to points in q(Vn). It follows that q˜(γ ′) can be deformed into a path that consists
of finitely many line segments `i such that both endpoints of `i correspond to points in
q(Zn). Now take complex affine lines Li ⊂ Cn−1. By the same arguments as in the case of
Vn each `i can be deformed to lie completely in q(Zn), i.e. each point on `i corresponds to
a point in q(Zn). This gives a deformation of q˜(γ ′) to a path in q(Zn). This homotopy lifts
to a homotopy of γ ′ and ultimately to a homotopy of γ . Since applying θ j−1n to this new
path results in a path in Zn, applying θ jn to it results in a path in Vn. In other words, the
constructed path between x and y lies in Z jn and hence Z
j
n is path-connected. 
It follows from the definition of ϕn and φn that they reduce to actions on (nn−1) j points
and n× (nn−1) j points respectively. These are given by the actions on the points in the
fibres in Z jn. Theorem 1.3 ii) is now simply a corollary of Proposition 6.1, since monodromy
actions on the fibres in path-connected covering spaces are transitive.
Corollary 6.2. The action of Bn on Z/(n× (nn−1) j)Z that comes from the restriction of
φn is transitive for all n and j.
Note that the transitivity on each level does not contradict the lack of transitivity on
their inverse limit Z/nZ×Znn−1 ∼= Zn, since in general the orbit map does not commute
with the inverse limit. Some conditions when they do commute are given in [26], but they
are not satisfied here.
With exactly the same methods as in Proposition 6.1 and Corollary 6.2 we can prove
the analogous statements for the spaces Zˆ jn, defined from the embedding of Zn into Vn that
sends a polynomial to its critical points.
As we have seen in Section 5 Corollary 6.2 is not true for the corresponding actions on
Z/(nn) jZ that are restrictions of ϕn. It is not even true for n = 2, j = 2.
6.2. Preimage and image sets. We study the image of a given point in Vn under repeated
application of θ−1n . This is a sequence of unordered n− 1-tuples of non-zero complex
numbers (i.e., points in Vn), indexed by the n-adic integers.
REAL ALGEBRAIC LINKS IN S3 AND BRAID GROUP ACTIONS ON THE SET OF n-ADIC INTEGERS 23
-3 -2 -1 1 2 3
-3
-2
-1
1
2
3
4
-4 -2 2 4
-4
-2
2
4
-4 -2 2 4
-4
-2
2
4
FIGURE 3. The sets
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FIGURE 4. The sets
⋃k
j=1Z
j
(eipi/3/2,−1) for k = 3 and k = 4.
Let Z jx be the set of the complex numbers z such that there exist distinct non-zero
complex numbers zi 6= z, i = 1,2, . . . ,n− 2 such that j repeated applications of θn to
(z1,z2, . . . ,zn−2,z) result in x ∈Vn. Let Zx =⋃ jZ jx .
Proposition 6.3. The set {arg(z) : z ∈Zx} is dense in S1 for all x ∈Vn.
Proof. We have already mentioned a certain symmetry among the preimage points under
θn, namely if (z1,z2, . . . ,zn−1) ∈ Zn maps to x ∈ Vn, then ξ k(z1,z2, . . . ,zn−1) also maps to
x for all k = 0,1,2, . . . ,n− 2, where ξ = e2pii/n is a nth root of unity and multiplication is
defined componentwise. It follows by induction on j that the set of complex numbers that
are components of the preimage set of j applications of θn of a point x ∈ Vn is symmetric
under rotation by 2pin j . The proposition follows. 
What can we say about the modulus of the elements of Zx? Again the case of n = 2
is simple enough to be done by hand. Recall that for n = 2 we have Z jn = Vn = C\{0}.
The modulus of the non-zero root z of a monic polynomial u(u− z) is 2√|x|, where x is
the critical value of u(u− z). Therefore the moduli of elements in Z jx all converge to 4 as
j goes to infinity for all x ∈ Vn = C\{0}. Figure 3 shows the distribution of elements of⋃k
j=1Z
j
x for x = 1 and k = 4,7,10.
For the case of n = 3 we plot
⋃k
j=1Z
j
(eipi/3/2,−1) for k = 3,4 in Figure 4. The base point
(eipi/3/2,−1) is chosen arbitrarily. We can see that the moduli of points in⋃kj=1Z j(eipi/3/2,−1)
seem to lie in a finite interval.
The sets Zx offer insight in the complex numbers that arise under repeated application
of θ−1n to x. We could just as well repeatedly apply θn to x. There are different cases to
consider. If x ∈ Z jn, then the first j applications of θn will result in points that are in Vn.
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Therefore, if x ∈ ⋂ j Z jn, then no matter how many times we apply θn, we always end up
in Vn. If we take for example any tuple that consists of one positive real number x1 and
one negative real number x2. Then the corresponding polynomial u∏2i=1(u− xi) has again
one maximum with positive real value and one minimum with negative real value. Hence,
no matter how many times we apply θ3, we always obtain a set of critical values that are
non-zero and disjoint and thus in V3.
In contrast, if x ∈ Z jn\Z j+1n , then the j+1th application of θn results in a point y that is
not in Vn. This means it gives an unordered (n− 1)-tuple of non-zero complex numbers,
where at least two of them are equal. We do not have to stop here though. The map θn
is still well-defined as the map that sends a polynomial u∏n−1i=1 (u− zi) (or equivalently, an
unordered (n−1)-tuple (z1,z2, . . . ,zn−1)) to its set of critical values. It is just not a covering
map anymore. Since at least two components of y are equal, the corresponding polynomial
has a double root. Hence θn(y) is an unordered (n− 1)-tuple of complex number with at
least one of them equal to 0. The polynomial corresponding to this tuple now has a double
root at 0, so its image under θn also contains 0. Therefore, from now on every additional
application of θn will result in a tuple that contains 0.
We can study the sequence a j ∈N of number of zeros in θ jn (x). Note that it is monotone
increasing and obviously bounded above by n− 1 for every x ∈ Cn−1. Therefore, it must
be constant after a while and there is a well-defined limit value a = lim j→∞ a j. In fact,
the polynomial p ≡ 0 is the only polynomial with (0,0, . . . ,0) as its set of critical values.
Therefore, the sequence is actually bounded by n−2.
Remark 6.4. For points like in the example above (n= 3, one positive, one negative entry),
the sequence a j is constant 0, but for all points that are not in
⋂
j Z
j
n the limit is at least 1.
In the case of n = 3 this implies that the limit is 0 for
⋂
j Z
j
3 and 1 in all other cases.
Again, the discussion in this section is focussed on the relation between the roots and the
critical values of polynomials. We could easily proceed analogously to study the relation
between critical points and critical values. We take a (n− 1)-tuple of complex numbers
c = (c1,c2, . . . ,cn−1) and identify it with the polynomial f (u) =
∫ u
0 ∏
n−1
i=1 (w− ci)dw. We
then send c to the set of critical values of f . If f is in Zn, then the image of this map is in Vn.
In any case we obtain a new (n−1)-tuple, which we can use to iterate the process. In this
case, it is not the number of zeros that is increasing, but the number of pairs of identical
entries.
7. NORMAL SUBGROUPS
The actions φn and ψn on Zn each provide us with a sequence of homomorphisms Bn→
Sn×(nn−1) j and Bn → S(nn) j , respectively. These correspond to the restricted actions on
n× (nn−1) j and (nn) j points respectively. Therefore, we have two descending series of
normal subgroups N j and H j of Bn corresponding to the kernels of these homomorphisms.
The fact that they are descending sequences, i.e., N j+1 ⊆ N j and H j+1 ⊆ H j for all j ∈ N
follows from the compatibility of the homomorphisms for different j, which follows from
the definition of the actions.
In the case of both φn and ψn the action on nn points (i.e., j = 1) is compatible with the
permutation representation pi : Bn→ Sn. This means that the normal subgroups N j and H j
are in fact normal subgroups of the pure braid group.
With the exception of ψ2 (cf. Section 5) it is not known if the presented actions φn
and ψn are faithful. This is the case if and only if the intersections of the normal sub-
groups
⋂∞
j=1 N j and
⋂∞
j=1 H j, respectively, are the trivial braid {e}. Here we show that
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the descending sequences do not stabilise, i.e., there is no M ∈ N such that N j = NM (or
H j = HM) for all j ≥M.
Lemma 7.1. The descending sequence N j of Bn does not stabilise for any n.
Proof. Since Z jn is path-connected for all n and j (cf. Proposition 6.1), the image of Bn in
Sn×(nn−1) j consists of at least n×(nn−1) j permutations, which is a lower bound for the index
of N j. Since every N j has finite index, this shows that the sequence cannot stabilise. 
In order to prove that the normal subgroups H j do not stabilise either, we need several
lemmas.
Lemma 7.2. Let x ∈ Zn with 0 in ith position and y ∈ Zn with 0 in jth position. Let B ∈ Bn
be a braid with piB(i) = j. Then there is a path from x to y in Zn that corresponds to a
parametrisation of B.
Proof. This proof is a variation of the proof of Proposition 6.1. Let x = (x1,x2, . . . ,xn−1),
y = (y1,y2, . . . ,yn−1) ∈ Zn. If piB(i) = j, there is a path γ ′(t) = (γ ′1(t),γ ′2(t), . . . ,γ ′n−1(t)),
t ∈ [0,1] from x to y in Cn−1/Sn−1 that is a parametrisation of B. Recall that in the proof
of Proposition 6.1 we showed the path-connectedness of Zn by showing that a path γ in
Z0n = Vn from x to y can be deformed to a path in Zn. In Vn the path γ can be taking to be
any braid B as long as it satisfies piB(i) = j and the deformation does not change the braid
type. The lemma follows. 
Lemma 7.3. Let n> 2. There is a base point v ∈Vn that has 0 in the b n+12 cth position and
that has two preimage points x,y ∈ Zn that have 0 in the b n+12 cth position.
Proof. Consider an n− 1-tuple x of real numbers with 0 in b n+12 cth position. Note that
v = θn(x) is also an n−1-tuple of real numbers with 0 in b n+12 cth position. Recall that the
preimage set of a point in Vn under θn is invariant under multiplication by e2pii/n. Multiply-
ing x by e2pii/n thus results in another preimage point of v, say y. If n 6= 2,4, then y also has
0 in b n+12 cth position and y is different from x because it does not consist of real numbers.
For n = 4 we can apply the same argument to an n− 1-tuples x of complex numbers that
have an argument of ±ε , for some small ε > 0, and 0 in b n+12 cth position. 
Proposition 7.4. The sequence H j does not stabilise.
Proof. Consider the points x, y in Zn given by Lemma 7.3. Since Zn is path-connected,
there is a path from x to x and a path from x to y. Applying θn to these paths results in
two loops in Vn with base point v = θn(x). The two loops correspond to two braids, say
B1 and B2, and piB j(b n+12 c) = b n+12 c for j = 1,2. Note that B1 and B2 induce different
permutations on Z/nnZ. One of them fixes x, while the other maps x to y.
Since x and y are in Zn and since they both have 0 in b n+12 cth position, there is a path
in Zn from x to y that corresponds to a parametrisation of B j, j = 1,2. The same is true for
the existence of a path from x to x corresponding to B j, j = 1,2. Thus in total we have
four paths in Zn, two corresponding to B1 and two to B2. By Lemma 7.2 there are four
paths in Zn, two from x to x and two from x to y, corresponding to parametrisations of B1
and B2. Applying θn to these four paths gives four loops in Vn based at v, corresponding
to four different braids, whose permutation representation fixes b n+12 c. Note that by con-
struction all of these four braids induce different permutations on Z/(nn)2Z. This process
can be iterated an arbitrary number of times and we obtain 2 j different braids that induce
different permutations on Z/(nn) jZ. In other words, the index of H j is bounded below
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by 2 j. Exactly like in the proof of Lemma 7.1 this implies that the sequence H j does not
stabilise. 
This concludes the proof of Theorem 1.3 iii).
There are other examples of descending sequences of normal subgroups of Bn that
do not stabilise, for example the congruence subgroups, whose intersection is the Torelli
group. It remains to be seen if the results from this section can be improved to prove (or
disprove) the faithfulness of the constructed actions.
Again, the results from this section remain true, when one considers the alternative
embedding of Zn into Vn, given by the map that sends a polynomial to its critical points.
8. CONSTRUCTIONS OF REAL ALGEBRAIC LINKS
We can use the computations from Section 5 to construct real algebraic links in S3. We
use this term in the sense of Perron [23] as the real analogues of Milnor’s algebraic links,
links of isolated critical points of polynomials f : R4→ R2. This should not be confused
with knotted algebraic varieties in RP3 as they were introduced by Viro [27], which are
also called real algebraic links.
Definition 8.1. A link L is real algebraic if there exists a polynomial p : R4 → R2 such
that
• p has an isolated singularity at the origin, i.e., p(0) = 0, ∇p(0) = 0 and there is
a neighbourhood U of 0 such that 0 is the only point in U where the rank of ∇p is
not full,
• p−1(0)∩S3ρ = L for all small enough radii ρ .
The number 0 in Definition 8.1 refers to the origin in R4 and R2 and the zero matrix of
size 2-by-4, respectively.
Milnor showed that all real algebraic links are fibred [20], but in contrast to the algebraic
links the real algebraic links are not classified yet. Benedetti and Shiota conjectured that
all fibred links are real algebraic links [4]. So far however, the set of links that are known
to be real algebraic is still comparatively small.
Remark 8.2. To our knowledge the following list covers all links that are known to be real
algebraic.
• All algebraic links, i.e. links of isolated singularities of complex polynomials:
These are certain iterated cables of torus links.
• If f ,g : C2→ C are complex polynomials with isolated singularities at the origin
and L f∪g = f g−1(0)∩S3ρ is fibred, then f g has an isolated singularity with L f∪g =
L f∪g as the link of the singularity [24].
• Odd fibred links: These are links that can be parametrised in S3 such that they and
the fibration map are invariant under the antipodal map on S3⊂R4; i(x1,x2,x3,x4)=
(−x1,−x2,−x3,−x4) [19]. This includes K#K if K is a fibred knot.
• Closures of squares of homogeneous braids [7] (cf. Definition 8.3). This includes
the figure-eight knot, which has been shown to be real algebraic by Perron [23]
and Rudolph [25] before.
Definition 8.3. A braid B on s strands is called homogeneous if for every i= 1,2, . . . ,s−1
the generator σi appears in the word B if and only if σ−1i does not appear.
We give a brief summary of the proof in [7] and explain how the computations from the
previous sections allow us to generalise this result.
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The proof in [7] can be summarised as follows. Let B be a braid on n strands. For every
component C of the closure of B let FC, GC : [0,2pi]→ R be trigonometric polynomials,
such that
(55)
⋃
C
nC⋃
j=1
(
FC
(
t+2pi j
nC
)
,GC
(
t+2pi j
nC
)
, t
)
, t ∈ [0,2pi]
is a parametrisation of B, where nC denotes the number of strands in the component C of
the closure of B. We now define
(56)
gλ : C× [0,2pi]→ C, gλ (u, t) =∏
C
nC
∏
j=1
(
u−λFC
(
t+2pi j
nC
)
− iλGC
(
t+2pi j
nC
))
.
Note that the roots of gλ are precisely the parametrisation of B given by Equation (55)
scaled by the factor λ .
We then define pλ ,k : C2→ C
p˜λ ,k((u,re
it)) = r2nkgλ
( u
r2k
, t
)
,(57)
p˜λ ,k((u,0)) = u
n(58)
where n is the number of strands of B and k a sufficiently large integer. Then p˜λ ,k is a
polynomial in u, v, v and
√
vv. Changing the variable from t to 2t results in
pλ ,k((u,re
it)) = r2nkgλ
( u
r2k
,2t
)
,(59)
pλ ,k((u,0)) = u
n,(60)
which can be written as a complex polynomial in u, v and v and is thus a polynomial
map R4 → R2. If λ is chosen sufficiently small, the vanishing set of pλ ,k intersects each
3-sphere S3ρ of radius ρ ≤ 1 in the closure of B2.
Furthermore, pλ ,k has an isolated singularity if and only if gλ has no argument-critical
points, which is equivalent to the non-vanishing of darg(vi(t))dt for all t ∈ [0,2pi] and all
i = 1,2, . . . ,n− 1, where v j(t), i = 1,2, . . . ,n− 1 are the critical values of the complex
polynomial gλ (u, t). This inequality has the nice geometric interpretation that for all j the
critical value v j always twists around 0 with the same orientation, either always clock-
wise or always counterclockwise. We showed in [5, 6] that homogeneous braids can be
parametrised as the roots of gλ such that the condition
darg(vi(t))
dt 6= 0 for all t ∈ [0,2pi] and
all i = 1,2, . . . ,n−1 is satisfied. For a more recent and complete treatment of the idea for
this proof we point the reader to[8, 9]. It follows that closures of squares of homogeneous
braids are real algebraic.
If we want to generalise this construction, it suffices to find other braids B that can be
parametrised as in Equation (55) such that the resulting polynomial gλ in Equation (56)
has no argument-critical points, i.e., arggλ is a fibration. Then the closure of B2 is again
real algebraic. This can be summarised in the context of the covering map θn : Zn→Vn as
follows.
Proposition 8.4. Let v(t) = (v1(t),v2(t), . . . ,vn−1(t)), t ∈ [0,2pi], be a loop in Vn such that
∂ arg(vi(t))
∂ t 6= 0 for all i = 1,2, . . . ,n− 1 and all t ∈ [0,2pi] and such that one of the lifts of
v(t) is a loop γ˜ in Zn. We denote the braid that is traced out by the roots of γ˜ by B. Then
the closure of B2 is real algebraic.
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We now focus on the case of n = 3 and use the computations from Section 5 to prove
Theorem 1.4.
Proof of Theorem 1.4. The computations of Section 5 tell us all lifts of any 3-strand braid.
We consider the lifts of the following affine braids, all of which can parametrised as
(0,v1(t),v2(t), . . . ,vn−1(t)) such that for all i we have
∂ arg(vi(t))
∂ t > 0 for all t or
∂ arg(vi(t))
∂ t = 0
for all t:
• β1 = σ21 ,
• β2 = σ−12 σ21σ2,
• β3 = σ21σ2,
• β4 = σ21σ22 ,
• β5 = σ2σ21σ2.
Figure 5 depicts a parametrisation of the desired form for each of these braids.
We focus on the lifts of each βi that starts at z1 (cf. Section 5). In general, this is not
a loop in Z3, but from the previous computations we can easily find the smallest power of
each βi for which it is. We thus obtain the following five braids whose lift that starts at z1
is a loop:
• β1 = σ21 ,
• β 22 = (σ−12 σ21σ2)2,
• β 63 = (σ21σ2)6,
• β 64 = (σ21σ22 )6,
• β 35 = (σ2σ21σ2)3.
We now concatenate these braids in such a way that every non-zero strand moves at
some point, i.e., for all i we have ∂vi∂ t (h) 6= 0 for some h. This means that we either need
to use β 63 (because it moves both non-zero strands) or at least one of β1 and β
6
4 (which
move one strand) and at least one of β 22 and β
3
5 (which move the other strand). Every braid
that results from such a concatenation can be deformed slightly so that the parametrisation
satisfies the conditions on γ in Proposition 8.4. Therefore the closure of the square of the
braid that corresponds to the lift at z1 is real algebraic.
The relevant lifts are given by:
• w1 = β11,1 = σ2,
• w2 = (β 22 )1,1 = σ21 ,
• w3 = (β 63 )1,1 = (σ1σ2σ1)2,
• w4 = (β 64 )1,1 = (σ2σ1σ−12 σ1σ2)2,
• w5 = (β 35 )1,1 = σ−12 σ1σ22σ1.
This means that the square of any concatenation of the wis, B=∏`j=1 wi j (subject to the
extra condition on the i js), closes to a real algebraic link by Proposition 8.4. The condition
on the i js in the statement of the theorem is a consequence of the earlier remark on the
requirement that every non-zero strand of the braid of critical values has to move at some
point. The equivalent statement for ε =−1 follows from the same argument applied to the
inverses of the βis. 
Theorem 1.4 only considers the special case where ∂ argvi(t)∂ t has the same sign for
all i and t, while in general it suffices to have ∂ argvi(t)∂ t 6= 0, i.e., we could have that
sign
(
∂ argvi(t)
∂ t
)
= −sign
(
∂ argv j(t)
∂ t
)
for different i and j. It also only considers the lifts
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FIGURE 5. Braid parametrisations of the βis depicted as movements of
points in the complex plane and as the projection on the xz-plane result-
ing in braid diagrams. a) β1. b) β2. c) β3. d) β4. e) β5.
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that start at z1. There should be 26 other similar families of real algebraic links corre-
sponding to the lifts that start at the other zis.
A more systematic study of which affine braids have a parametrisation without turning
points and that have a loop as one of their lifts is an ongoing project.
8.1. The closure of ((w−25 w
−1
1 )
2w−12 )
2.
Theorem 8.5. Let B= (w−25 w
−1
1 )
2w−12 )
2 = ((σ−11 σ
−2
2 σ
−1
1 σ2σ
−1
1 σ
−2
2 σ
−1
1 )
2σ−21 . Then the
closure of B2 is real algebraic, but is not in any of the families that have already been
known to be real algebraic (as listed in Remark 8.2).
We establish this result through a sequence of lemmas.
Lemma 8.6. The closure L of the braid ((σ−11 σ
−2
2 σ
−1
1 σ2σ
−1
1 σ
−2
2 σ
−1
1 )
2σ−21 )
2 is not quasi-
positive.
Proof. Suppose that L were quasipositive. The braid index of L is 3, since the braid above
has three strands and L consists of 3 components. Then by [15] it is the closure of a
quasipositive braid on three strands. Since L has 3 components, this braid must be a pure
braid. The sum of the linking numbers of the components is −10− 8+ 2 = −16, which
is independent of the link diagram representing L. For a pure braid the sum of the linking
numbers is half of the exponent sum of the braid, which for a quasipositive braid is positive.
Hence L is not quasipositive. 
It follows that L is not algebraic, since algebraic links are quasipositive. Furthermore,
since for complex polynomials f ,g with isolated singularities the link of the singularity of
f g is isotopic to L f g = f g−1(0)∩ S3ε , links of this form are transverse C-links and hence
quasipositive too. Thus L cannot be shown to be real algebraic using Pichon’s result.
Lemma 8.7. The closure L of the braid ((σ−11 σ
−2
2 σ
−1
1 σ2σ
−1
1 σ
−2
2 σ
−1
1 )
2σ−21 )
2 is not odd.
Proof. Suppose that L were invariant under the antipodal map
(61) i : (x1,x2,x3,x4) 7→ (−x1,−x2,−x3,−x4).
Since the pairwise linking numbers are different for each pair of components, the map i
has to fix the three components of L setwise. Odd links are freely periodic links of period
2 (cf. [18] chapter 10.2). Hartley [14] studied properties of the Alexander polynomial of
freely periodic knots and his result generalizes to the multivariably Alexander polynomial
∆1 of links if the periodic map fixes all components setwise as is the case here. For a
freely periodic 3-component link with period 2 states that there exists a polynomial in
Z[t±1/21 , t
±1/2
2 , t
±1/2
3 ] such that up to multiplication by units
(62) ∆1(L)(t1t2t3, t2, t3) = f (t1, t2, t3)× f (−t1, t2, t3)
and analogous statements for the other components [16]. Computing ∆1(L) using the Knot-
Theory package [1] in Mathematica and factorising it shows that this condition is not sat-
isfied. Hence L is not freely periodic and therefore not odd. 
This shows that L cannot shown to be real algebraic using Looijenga’s construction.
Lemma 8.8. Let B be a homogeneous braid and L = ∪ki=1Li be its closure, where each Li
is a knot. Then
(63) deg∇(L)≥ 2∑
i< j
|lk(Li,L j)|− k+1,
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where ∇(L) is the Conway polynomial of L and lk(Li,L j) is the linking number of Li with
L j.
Proof. By Bell [3] it is m = deg∇(L)+n−1, where m is the length of the homogeneous
braid word B and n is its number of strands and also n≤ deg∇(L)+1. The number of cross-
ings between strands from differenct components Li, L j, i 6= j is at least 2|∑i< j lk(Li,L j)|
and the number of crossings of strands from the same component is at least n− k, where k
is the number of components of L. Hence m≥ 2|∑i< j lk(Li,L j)|+n− k
Therefore, we find that
deg∇(L) = m−n+1
≥ 2|∑
i< j
lk(Li,L j)|+n− k−n+1
= 2∑
i< j
|lk(Li,L j)|− k+1.(64)

Lemma 8.9. The closure L of the braid ((σ−11 σ
−2
2 σ
−1
1 σ2σ
−1
1 σ
−2
2 σ
−1
1 )
2σ−21 )
2 is not the
closure of a homogeneous braid.
Proof. Suppose L were the closure of the square of a homogenous braid. It is 3-component
link with pairwise linking numbers (−10,−8,2). The degree of its Conway polynomial is
32 and hence by Lemma 8.8 we have 32 ≥ 2(10+8+2)−3+1 = 38, which is clearly a
contradiction 
Since every square of a homogeneous braid is also homogeneous, this shows that L is
not in the family shown to be real algebraic in [7]. This finishes the proof of Theorem 8.5.
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